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1. Let us assume that In the Initial state the elevation of points of 

the die surface above the plsne which forms the boundary of the elastic 

half space is given by the equation 

rp (r) = haa G>O) ff.i) 

Suppose that a force Q is applied along the axls of rotation of the 

base surface of the die. For the radius of the contact area o and the 

displacement of the die S we have [II 

02wl = ( v--i)Q 
6- Aaeka 

4vCAP, ’ - x (1.2) 

where 

+m 
U), = -jJ Ip ( - QK 2k k! 

k=O 
(2k - l)!! 

[(- I)!! = $1, (1.3) 

Ip = (-- qK (4k ‘- 1) 
(2k - l)!! 

vn 
r2(h+ 1) 

2k.t’ kr ~(~~~+s/~)r(~-~+l) (f.4) 

Here v Is Poisson’s ratio, G is the shear modulus of the elastic half 

space. 

For the distribution of pressure over the contact area we have 

(1.5) 

Here Ppk(p) are Legendre pol.ynomials. The pressure at the center of 

the contact area is equal to 

1404 
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po = P (0) = P” Xhr 

Below, we attempt to put these formulas into a simpler form. 

2. Let us introduce the designation 

SW 

?.A= 2 22k (k!)a 

k=. [(2k - 1)!!1” 
Ip’ 

(1.6) 

(2.1) 

For the value of xh we have from (1.6) 

XA = $ - + (Y,. - $9 = PA - YA + q)“) aA - YA 

2BA 
or xh= - 

25X 
(2.2) 

A 

Putting the expression for Ik (A) from (1.4) into the form 

Q’ = (- Qk (4k + 1) r (k + ‘/z) I” (h + 1) 
2k! r (k + h + V2) r (A - k + 1) (2.3) 

One can write the Formulas (1.3) and (2.1) as follows: 

12.4) 

(2.5 ) 

4k+ 1 

Observing that 

1 
r(h--k+i) =(--I) 

kS1 sin hn; - r(k -V, 4k + ’ = 4 
r (k + Vr) 

aI I’ (k + I/,) 

the preceding 
the following 

formulas after some transformations can be brought into 
form 

a 
x 

= Cr(kt.1) 
2r (h + ail) SF2 

(2.6) 

?/?ir (h. -+- I) 
2r(k+-C,l)-4F3 ( -Ail, 

5 
1, 

3 
l;h+~, 

1 1 
yA’ 5, 7, ;z; 1) (2.7) 

where pFq( al, a2, . . . , ap; b,, bZ, . . . , bq; x) is the generalized hyper- 
geometric function [21. 

Let us utilize the Whipple’s formula [31 

4F3 ( a,i+ia,3, y; +~,a-p+i, a-y-t-1; -1 yI ) 
=w--P+wc--rfi) 

r (a+ i) r (2 - f -y +- I) (x-223-2y>-2) 
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and the Dougall’s formula [3] 

$4 i a, 1 ++a, P, rr 8; +a, a-p+t, a-yfl, a--6fl; 2 1 = 

Setting in these formulas a = l/2. @ = - A, y = 6 = 1, we obtain 

82 ( 5 
-ib, - 

1 
4,i; h++, x; -+-w+1 (X&j 

lrFs 
( 

(2.8) 
-Ah, 

5 3 i 1 
-q;, f, 1; h+~, --J’ pi 1 

) 
W+l 

=--2h-_1 ( ) A>; 

Thus, the Formulas (2.6) and (2.7) will, FespectivelY, take the form 

Then from (1.3) and (2. Z), respectively, we have 

The Formulas (1.2) and (1.6) then become 

p+1-_ (v - 1) Q r (A + v2) 
&GA h d.zr (n + q ’ 

6 = A,2h VZr (a + 1) 
r (5 + v2) 

(2.11) 

The Expression (2.10) for b also simplifies the expression ([l], ch. 
5, Formula (6.16)) for the potential. 

It is difficult to obtain a siapler formula for the pressure using 
the same nethod. To that end we choose another way. 

3. It is known [4], that the problem under consideration can slso be 
solved in a different manner, namely: the quantities a and 6 are given 
by the formulas 

x/e x I2 
a2 

s 

~‘(asin6~sina0dB=(vqy~Q, 6=a S q’(asin0)dbf (3.1) 
6 0 

and the pressure p - by thenformula .* 

(O<=r<a) (3.2) 
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where 

(3.3) 

Replacing (1.1) by the Expressions (3.1) we readily obtain the Formulas 

(2. 11). Bearing in mind (2. ll), from (3.3) we get 

F (r) = --- 
(2~ -t 1) Q (,c>. _ rz>,) 

2;“,p.i1 
(3.4) 

Now, from (3.2) we find 

The substitution s2 - r2 = a2c2 transforms it 

Assuming that r # 0 and substituting s2 = r*/(l - t) into (3.5) we get 

( O<r<a 
p2 = 1 - ra f a2 ) (3.7) 

where B,(a. p) is the incomplete beta-function. 

Taking into consideration the equalities 

R,(r, 3)-j P--l (1 -@-l dt - ; F (1 - 3, r; J + I; I) 

0 

the equality (3.7) can also be written in the form 

(3.8) 

p(r) :.: (h T 1 ~)p”(~)**-‘l/l-~F(R+~, 4; 5; l-f) (O<r<a) (3.9) 

For the pressure pO which corresponds to r = 0, from (3.5) or (3.6) 

we get (2.12). 

4. Let us consider some particular cases. 

a) Let h = n, where n is an integer. In this case we see from (3.6) 

that 

2n _t 1 
P(r) = 2(Zn_i) PO 1 - f E+ ($) 

Here E,_I( X) is a polynomial of the (n - 11th degree with respect to 
x, defined by tbe relations 
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v/1-s 
I:‘, (x) z f!._k& s (x + ty’ C/E, E, (x) = I+ 2n2t 1 xE,p+ (2) (4.2) o 

The recurrence formula here is 
equality by parts. 

The recurrence formula is also 
integer. From (4.2) we find E,(x) 
from (4.2) 

obtained by integrating the first 

correct for the case when n is not an 

= 1. and then obtain consecutively 

B, (x) = 1 + 2x, E3 (x) = 5 (5 + 6x + 8~~ + 16~~) (4.3) 

f& (5) == f (3 + 4x + 8x7, I& (2) = & (35 + 40x + 48x2 + 64x3 + 128~~) 

It is easy to verify that polynomials E,(x) are the Jacobi polynomials, 

namely E,(x) = F( -A, 1; l/2 - n; x). Thus, the gxpression (4.1) can also 

be presented in the form 

p (1.) = 
2n + 1 

2 (‘/I - 1) ,‘~~~(i--., 1; p-n: $) (O<r<u) (4.4) 

For instance, from (4.4) and (2.11) with n = 1 and A = 1/2A we get 

p(r) = 4 p” v- r2 
l-7 (Odrfa), 

u3= 3W--)Qfi 
8vG ’ 

&& 

b) Let A = l/2, A = cot a, i.e. the case of the pointed end of a 
conical die being pressed into the elastic half-space. From (2.11) we 
find 

u2=(v-UQ-a 3t 

nvG ’ 
6=Tama 

and from (3.9) 

Here we have used the relation [21 

c) Let h = 3/2. From (2.11) we have 

4(v--1) Q 
a4=--gny(g , 8+G78 

From (3.8) we obtain 
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