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1. Let us assume that in the initial state the elevation of points of
the die surface above the plane which forms the boundary of the elastic
half space is given by the equation

@ (r)= AP (»>0) (1.4)

Suppose that a force @ is applied along the axis of rotation of the
base surface of the die. For the radius of the contact area q and the
displacement of the die & we have (1]

v—1HQ
PLLS S WCAR, 8= Aa**a, 1.2)
where
) (=1)" 2" k! H* 2% & Ol = =gy — I :
a, _ﬂz 1§ =T [(— DIt = 1], Br=oy —If (1.3)

(2k — 1)!! T2 (1)
g VETE AT mTA—F+D

1P = (— 0 4k =-1) (1.4)

Here v is Poisson’s ratio, G is the shear modulus of the elastic half
space.

For the distribution of pressure over the contact area we have

. e ko 1y
P =L (=1 2 Kl [1—— P“"(")} (1.5)
e AT =D P, ©)

p=V1——-§T (p°=,,;%).

Here ch(u) are Legendre polypomials. The pressure at the center of
the contact area is equal to

1404



An axially symmetrical contact problen

1405

2 (k)
=pO)=P% = —2—-—2% Z [ 2 (f)z'l‘ I (1.6)

Below, we attempt to put these formulas into a simpler form

2. Let us introduce the designation

T = Zoo _fk*(ﬁ'_)z_. » @.1
A [@=Dp

For the value of x; we have from (1.6)

»)
1 1 o Br—mat+ I BTN
Xa 5 m, (1, — 13") = pXN or A pXN (2.2)

Putting the expression for I(A) from (1.4) into the form

1 — (— 0¥ (4k 1)

T4+ T2(A+1)
2k!

2.3
T AT TR — kT D) ©3)
One can write the Formulas (1.3) and (2.1) as follows

- +e
o =Vnr2(x+1)2 4k +1
2

T AR T —F D 24

+ o0
g = T2 1) 3 (— ) 4k + DT xk+1) 25)
' 2 =y TEFTEHAL3) TR —k+1) :

Observing that

1

TSR — O R e, e

=TT Ey

the preceding formulas after some transformations can be brought into
the following form

2 = Vara+1) (——k, 5

301 .
=aragmy (- T b T ) @
VAl (h4-1) 5 301 1

e O R TR AR 1R @n
where F (a;, ag, ..., ap by, by, . b

; x) is the generalized hyper-
geometric function [2].

Let us utilize the Whipple’s formula [3]

1

dps(ayi'*‘?ly Sy Ts '%J,CL-‘B-{—&, a_T_F,l‘ —1)

_T@a—B84+)T(a—1+1)
Fa+HT@Ea—-3—r41

(x—28—2r>—2
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and the Dougall’s formula [3]

1 1
SI‘Q(G: 1+?Q, {3, T, 6"53') C‘—ﬁ'{‘i, Q“Y’f‘i, a—é'{”i; 1):

_T@E—B+ )T E@—y+ T @0+ O (a—B—7—8+1) 5
TTEFNT@—B—1+ DT @—1—3F HI@—8—p+1) (=8=1=0>=1

Setting in these formulas a = 1/2, B = -~ A, y =8 = 1, we obtain
. 5 3 1 1
Fa(—h T, LA+, 0 —1)=2h+1 (r>—7)
(2.8)
5 3 i 1 20 41 1
delfz,hhl+§.z,§ﬁ0=b~ﬁ%j @>7

Thus, the Formulas (2.6) and (2.7) will, respectively, take the form

Var(o+1) Vara+1n i
w=Trot s h=—@onrarm  (>z) @9
Then from (1.3) and (2.2), respectively, we have
AVAr(41) 2% 41 1 .
B="Ta+m * B~ IT@m=0 (>z) ewo
The Formulas (1.2) and (1.6) then become
i (v—=1DQ T+ o a¥Yara+1)
a2 oA VARG 8= Aa T £/ 2.14)
241 1
=g =1) ? (»>7) (212)

The Expression (2.10) for B, also simplifies the expression ([1], ch.
5, Formula (6.16)) for the potential.

It is difficult to obtain a simpler formula for the pressure using
the same method. To that end we choose another way,

3. It is known [4}, that the problem under comnsideration can alsoc be
solved in a different manner, namely: the quantities « and & are given
by the formulas

n/2 /2
a S@’(asinﬂ)sin’&dﬁ:ﬁ;{;gg., b=a S)q:'(asine)dé 3.1)
0
and the pressure p — by theaforuula

_ 1 F(s)ds - 2
plr)= WSV—;—____-? 0<r<a) (3.2)
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where

~2

"Gl [é—r S(p’(rsin e)de] 0 <r<a) (3.3)

"

Replacing (1.1) by the Expressions (3.1) we readily obtain the Formulas
(2.11). Bearing in mind (2.11), from (3.3) we get

1
F(r)=—%,—,f»—>l? (@ —r®) 0<r<a) (3.4)

Now, from (3.2) we find

a
2.4 DQ¢ sl -
P(r)=(_21;>-7:71Q S 1;;‘__:’3)_ (3.5)
: :
The substitution s2 — r? = 427 transforms it into
£ 2 2—1 0<r<u .
P(")"’ } ]—~>P 5( 3 > d; (P-— lfi—'_—;,—r&-e) (3.6)
0

Assuming that r # 0 and substituting s? = rz/(l - t) into (3.5) we get

P = MPO <_:{)2"'1 B (% ! % -;') (g*zirig_arz/ﬁ) (3.7)

where Bz(a, Py is the incomplete beta-function.

Taking into consideration the equalities

x £
B, (2, B)= S P =P ld = S F (1 =3, % a4 2) (3.8)
V]

the equality (3.7) can also be written in the form

ol B (Y T E b 4

For the pressure Py which corresponds to r = 0, from (3.5) or (3.6)
we get (2.12).

r2 .
=) 0<Lr<a) (39

4. Let us consider some particular cases.

a) Let A = n, where n is an integer. In this case we see from (3.6)
that

2n+1 2
p(r)= 5o v 2(2n—1) 14 1/1 = n__l(a_rz_) 0<r<a) (4.1)

Here En_l(x) is a polynomial of the (n - 1)th degree with respect to
x, defined by the relations
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Vi—x
1, (@) = ‘;”;ﬂ \ eterae, E@=t1+ 2 a0 62
= -
0

The recurrence formula here is obtained by integratimg the first
equality by parts.

The recurrence formula is also correct for the case when n is not an
integer. From (4.2) we find Eo(x) = 1, and then obtain consecutively
from (4.2)

X 1
Ly (x) =1+ 2z, Eﬂn=:3w5+6x+8ﬁ+4&ﬂ) (4.3)
1 1
Ey(z) = 75 3+ 4z + 8%, Ey (2) = 55 (30 + 40z + 48x% + 6423 -+ 1282%)
It is easy to verify that polynomials En(x) are the Jacobi polynomials,

namely E (x) = F(-n, 1; 1/2 — n; x). Thus, the Expression (4.1) can also
be presented in the form

2n +1 ré 3 r?
p =g PV 1w F(l—n t g—m m)  O<r<a) G4

For instance, from (4.4) and (2.11) with n = 1 and A = 1/2R we get

9 re 3('\7—1 R a?
p(r):.—jp"l/i——. O<r<a, a=20DOR

a?

=

i

b) Let A 1/2, A = cot a, i.e. the case of the pointed end of a
conical die being pressed into the elastic half-space. From (2.11) we
find

_(v—i)Quna

2
@= e ’

E-1

6:

a cot X

and from (3.9)

rt 1 3 r? 1 a4 Vat—r
r oVi __1"(1,7“;’“"§1 —)=—p°ln——'.“"-“ 0<Lr<a)
p(ry=p — a2 PR a® 5 i—Va—r < (4.5

Here we have used the relation [2]

1 3 1 142
Pl o) = m s

c) Let A = 3/2. From (2.11) we have

4(v—1)Q 3
= "BvCA 8= Ad

From (3.6) we obtain
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/" r r2 a-- ) et —r
pir)y=p° [—l 1=+ In ;—T“J

O <lrJay

BIBLIOQGRAPHY

Lur'e, A.I., Prostranstvennye zadachi teorii uprugosti (Three-
dimensional Problems in the Theory of Elasticity). GTTI, 1955.

Ryzhik, I.M. and Gradshtein, I.S., Tablitsy integralov, summ, riadov
t proizvedenii (Tables of Integrals, Sums, Series and Products).
GTTI, 1951.

Mac Robert, T.M., Functions of a complex variable. London, 1954.

Shtaerman, I.Ia., Kontaektnaia zadacha teorii uprugosti (The contact
problem in the theory of elasticity). GTTI, 1949.

Translated by 0.8.



